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ABSTRACT.  Denote  by  Ca,b{Q)  the  generalized  two-parameter  Yeh- Wiener  space  with  associated 
Gaussian  measure.  We  investigate  several  scenarios  in  which  integrals  of  functionals  on  this  space 
can  be  reduced  to  integrals  of  related  functionals  over  an  appropriate  single-parameter  generalized 
Wiener  space  C-  JO,  Tj.  This  extends  some  interesting  results  of  R.II.  Cameron  and  D.A.  Storvick. 

AMS  (MOS)  Subject  Classification.  28C20,  60J65. 

1.  Introduction 

Let  Co[0,  T\  denote  one-parameter  Wiener  space  (named  after  Norbert  Wiener 
who  did  some  of  the  earliest  work  in  this  area) ;  that  is  the  space  of  all  continuous  real¬ 
valued  functions  x  on  [0,T]  with  ,t(0)  =  0.  During  the  past  75  years  many  people  have 
made  substantia.]  contributions  in  studying  this  space  with  important  applications  to 
both  physics  and  mathematics.  In  particular  there  is  a  considerable  body  of  work 
relating  to  what  we  now  call  generalized  Wiener  spaces.  Earlier  discussions  of  these 
spaces  can  be  found  in  [8,  22]  and  more  recent  developments  can  be  found  in  [5,  6, 
7,  9,  10];  the  references  listed  in  these  papers  led  to  a  very  large  collection  of  other 
results. 

The  space  which  we  will  refer  to  as  Yeh- Wiener  space  was  introduced  in  [25]  with 
further  results  in  [23,  24].  In  these  papers,  Yeh  explored  the  structure  and  behavior 
of  a  Gaussian  measure  analogous  to  the  classical  Weiner  measure  but  defined  on  the 
space  of  continuous  functions  of  two  variables.  The  associated  stochastic  process  is 
often  called  the  Brownian  sheet.  See  [3,  12,  13,  14,  15,  16,  17,  IS]  for  more  information 
and  examples. 

The  setting  for  this  paper  involves  what  we  term  a  generalized  Yeh- Wiener  space. 
This  function  space  extends  the  ordinary  Yeh- Wiener  space  in  a  similar  manner  to 
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the  single-parameter  case.  The  main  ideas  and  results  of  this  paper  follow  and  expand 
on  those  found  in  [2].  The  primary  goal  is  to  relate  certain  integrals  on  a  general  two- 
parameter  Wiener  space  with  corresponding  integrals  on  a  general  single-parameter 
space. 


2.  Definitions  and  Preliminaries 


In  [25],  Yeh  described  the  properties  of  a  measure  similar  to  Wiener  measure  on 
the  space  of  continuous  functions  of  two  variables  defined  on  the  unit  square.  We  are 
concerned  with  a  family  of  similar  measures. 

Let  Q  denote  the  rectangle  [0,  S']  x  [0,  T]  in  R2  and  let  <  be  the  usual  partial 
order  on  Q  such  that  s  <  t  if  and  only  if  each  s3  <  tj.  Also  let  a(s,t)  be  an  absolutely 
continuous  function  with  derivative  €  L2(Q)  and  a(0,  0)  =  0,  and  let  b(s,t)  be 
an  absolutely  continuous  function  with  a  continuous  derivative  >  0  on  Q. 

The  functions  a  and  b  act  to  determine  the  center  (or  mean),  and  variance  of  the 
generalized  Yeh- Wiener  measure.  We  list  several  properties  and  useful  basic  results 
in  this  section;  see  Chapter  3  of  [19]  for  a  more  detailed  discussion  of  these  matters. 

A  generalized  Yeh- Wiener  measure  is  a  Gaussian  measure  on  the  space  of  con- 
tinous  functions  C(Q).  Therefore,  the  distribution  of  finite-dimensional  projections 
of  this  space  with  respect  to  this  measure  are  Gaussian,  with  the  following  basic 
form.  For  0  <  $i  <  ■  •  •  <  sm  <  S  and  0  <  ti  <  ■  -  -  <  tn  <  T,  the  dis¬ 
tribution  of  a  finite-dimensional  projection  onto  with  component  projections 

:  1  <  i  <  m,  1  <  j  <  n}  (the  generalized  Yeh-Wiener  kernel)  is  given  by 


wm,„(u,s,t)  =  nn27rAA6(M) 


where  AfAjU  =  —  Uij-i  +  and  u<,o  =  Uqj  -  0  for  all  i,  j  >  0. 

We  will  let  m  denote  the  generalized  Yeh-Wiener  measure  on  Co(Q)  determined 
by  the  functions  a  and  b  and  will  write  Ca,b{Q)  for  the  resulting  measure  space. 

A  function  /  on  Q  is  said  to  be  of  bounded  variation  in  the  sense  of  Hardy- 


Krause  provided  that  supPeP  A;r/,|  <  00  over  a!1  finite  partitions  P  of 


Q  into  non-degenerate  rectangles  {Rj}  and  the  restriction  of  /  to  any  vertical  or 
horizontal  line  in  Q  yields  a  single-variable  function  of  bounded  variation  in  the  usual 
sense.  We  refer  to  the  collection  of  such  functions  as  BV(Q).  For  a  more  detailed 
discussion  of  these  functions  and  their  properties  see  [1]. 

By  L\  h(Q )  we  denote  the  collection  of  functions  on  Q  that  are  square  integrable 
with  respect  to  the  Lebesgue-Stieltjes  measure  induced  by  the  functions  a  and  b.  That 


L2ab(Q)  =  {/:<?  ^  R  :  /  f(s,  t)d(b(s,  t)  +  |a|  (s,  f))  <  oo}. 
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The  space  L^b(Q)  is  in  fact  a  Hilbert  space  (as  our  notation  suggests) ,  and  has  the 
obvious  inner  product 

(/,.?)«, b  =  [  f(s,t)g(s,  t)d(b{s,t)  +  ja|  (s,  t)). 

Jq 

In  addition,  by  ||-||ft  and  (■,  ■)&  we  denote,  respectively,  the  L2-norm  of  a  function  and 
the  inner  product  with  respect  to  the  Lebesgue-Stieltjes  measure  induced  by  b ;  that 
is 

ii/ii?-  /  s2(s,t)ib(s,t). 

Jq 

and 

if,s)b=  [  f{s,t)g(s,t)db(s,t). 

JQ 

Note  that  the  conditions  on  b(t)  ensure  that  Lb(Q)  is  equivalent  to  L2(Q)  and  further 
note  that  BV(Q)  is  a  subset  of  both  Ll(Q)  and  Ll  b(Q). 

We  next  define  the  Paley-Wiener-Zygmund  stochastic  integral  of  a  function  /  € 
Llh(Q),  which  is  a  basic  tool  in  understanding  how  the  measure  works. 


Definition  2.1.  Let  be  a  complete  orthonormal  set  of  functions  of  bounded* 
variation  in  Ll  b(Q) .  For  f  £  Llb(Q),  put 


h  fix)  y  "  (/,  4>j)g 

3= 1 


Define  the  Paley-Wiener-Zygmund  (PWZ)  stochastic  integral  If(x)  =  lim^oo  Inf{%) 
for  all  x  £  (Q)  for  which  this  limit  exists. 


The  following  theorem  is  fundamental  in  computing  integrals  over  Caj,  (Q) .  It 
gives  some  essential  properties  of  the  PWZ  integral. 

Theorem  2.2. 

1.  Iff  £  L^b(Q),  then  the  PWZ  stochastic  integral  I  f(x)  exists  for  a.e.  x  £ 

and  is  essentially  independent  of  the  choice  of  orthonormal  basis  in  Definition 

8.1. 

2.  If  f  £  L2aM(Q),  then  If  is  a  Gaussian  random  variable  with  mean  If  (a)  and 
variance  |j f\\q(Q)- 

3.  If  f  and  g  are  in  L2ali(Q),  then  the  covariance  of  the  random  variables  If  and 
1 9  ^  (f-9)q(Qy 

Remark  2.3.  We  pause  briefly  to  note  that  the  order  of  measurability  assumptions 
in  the  following  theorems t  where  the  Lebesgue  measurability  of  f  is  assumed  and  the 
p -measurability  of  F  is  a  conclusion 7  is  not  actually  necessary.  By  similar  arguments 
to  those  found  in  [4,  11,  21]?  the  hypothesis  of  measurability  can  be  either  that  F  is 
p-measurable  on  Ca^(Q)  or  that  f  is  Lebesgue  measurable,  and  the  measurability  of 
one  of  these  will  imply  the  measurability  of  the  other . 
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Theorem  2 A  (Tame  Functionals).  Let  0  <  s\  <  -  -  *  <  sm  <  S  and  0  <  ti  < 
■  ■  ■  <  tn  <  T  and  let  f  :  Mmn  — »■  C  and  F  :  Ca^(Q)  — >  €  be  defined  by  F(x)  = 
_ Then  F  is  measurable  if  and  only  if  f  is  Lebesgue  measur¬ 
able f  and  in  this  casef 


I  F(xjm(dx)  —  /  *f(^i,i i  sT  t)du,  (2*1) 

JCaMQ)  J^mn 


where  the  equality  (*)  is  in  the  sense  that  if  one  of  the  integrals  exists  then  the  other 
exists  and  the  equality  holds . 


Proof.  Let  4>ij  =  X[si^]K[tj.1,tj](uA)-  It  is  easy  to  calculate 

x{Sk,tl)=  Y  AiAMs^) 


0  <i<k 
0<j<l 


for  any  {stAi)-  It  is  not  difficult  to  see  that 

AiAjX(s;f)  =  14>ij{x)  =  / 

JQ 

whence  we  have 


F(x)  =  /(x(si,ti),.  ..,x(sm,tn)) 

/ 


=  f 


\ 


0  <i<k 
0<j<l 


0  <i<m 
0<j<n 


As  <pij  6  BV(Q),  we  can  use  Theorem  2.2  to  see  that 

/  !<f>i Ax)Kdx)  ~  I(PiAa)  =  AiAj-o(s,t), 

•fC^dQ) 


and  also  observe  that 


/  (%(i)  -  AM**))  (/0i,m(x)  -  M,m(a))  m(dx) 

=  /  («,  m (“>*>)<!&(«,  l>) 

Jo 


AiAjb(s,t)  if  i  =  l,j  =  m 
0  otherwise. 


Accordingly,  we  see  that  the  covariance  matrix  M  for  the  collection  is  a  diagonal 
matrix  whose  nonzero  entries  are  A,Aj6(,s,t).  Now  we  can  apply  Theorem  2.2  to 
complete  the  proof.  □ 
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3.  Integrals  Over  Paths 

We  will  first  be  concerned  with  integrating  functionals  defined  in  terms  of  certain 
paths  in  Q.  We  confine  our  discussion  to  paths  <j>  :  [0,  S]  -A  Q  for  which  <p(r)  — 
(^i(r),^2(r))  satisfies  the  condition  that  its  component  functions  <f>i  and  <f>2  are  each 
piecewise  continuously  differentiable.  We  will  say  that  <f>  is  an  increasing  path  in  Q  if 
*  $  >  0  on  [0.  S ]  and  4>{r{)  <  ^(r2)  whenever  n  <  r2. 

The  first  theorem  in  this  section  establishes  a  special  case  of  the  tame  functionals 
theorem  in  the  ease  that  one  defines  the  functional  in  terms  of  a  sequence  of  points 
lying  on  an  increasing  path. 


Theorem  3*1,  Let  0  =  $$<  s\  <  -  *  -  <  sn  <  S  and  0  =  to  <  fi  <  ■  ■  ■  <  tn  <  T 
and  let  f  :  Rn  — >  €  be  Lebesgue  measurable .  If  F  :  CaxiQ)  “>  C  is  defined  by 
F(x)  =  /(^(sijtj)),  :r(s2l  t2)j  * . .  tn))j  tfeen  F  is  and 


r  nt  \  ^  r 

JJ 2tt(6(sj, tj)  -  6(sj-;i, ij-i) J  j  f(uj (3.1) 
exp  1 £  dui . . . dttBi 


b[Sj—i.  tj—i) 


where  the  equality  (=)  is  in  the  sense  that  if  one  of  the  integrals  exists  then  the  other 
exists  and  the  equality  holds. 


Proof.  The  proof  is  by  induction  on  n.  The  theorem  is  certainly  true  for  n  =  1 
because  by  (2.1), 


[  f(x(si,ti))m(dx) 

Jca,b(Q) 


=  { mi f) )  /  /(“u ) exp  ( - \  fi 

\i=l  3=1  /  \ 


i  i 


?:=i  j= l 


(AjAj(u  -  q(M)))~ 
AiAjb{s,  t) 


du 


U 


-p- 


4=  f  /(m)Bp  -ly  (";-i 

7rb(jSl,  ti)  A  \  2  MSj4j)  - 


(“j  -  «PiT-))2 


tj-i) 


dui, 


and  thus  (3.1)  holds. 
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Assume  that  the  result  holds  for  n  —  k  >  1.  Then  for  n  —  k  +  1  we  have 


/  . . .  ,x(sn,tn))tJ,{dx)  = 

Jc^iQ) 

I 

(fc+1  fc+1  \  2  /■ 

f  ?  1 T  2nAt Aj6(s,  t)  ]  /  /(ui,i, . . .  ,Uk+i,fc+i) 

t  i  f=i  J  J^k+1)i 


exp 


...  k-l-1  fc+I 

]EE 

Z  i=  1  j=  1 


AiAjb(s , 1) 


(3*2) 


Note  that  for  j  =  1  ,  the  variables  uk+u  and  %jt+i  appear  in  (3*2)  only 
in  the  kernel  as  the  functional  F(x)  does  not  depend  on  the  values  of  x  at  these 
points.  Also  observe  that  b(sk+i 7ti)-b(sk,ti)  —  A^+1Ai b(s,t),  6(%+1,  t2)-b(skA2)  = 
Afc+iA26(s,i)  +  A*+iAi&(M),  and  eventually  b(sk+utk) -b{sk,  tk)  =  AMAkb(s,  t)  + 
■  ■  ■  +  A^+iAi  b(syt)>  In  addition  observe  that 


u/h-u  “a(sjt+i,ti)  -  uki i  +a(sfejti)  =  Ak+iAi{u  -  a(s,£)), 

^^+1,2  -  a(5fc+i,  £2)  -  ufci2  +  a(sft,  t2)  =  Afc+i  A2(u  -  a(s,  £))  +  Afc+1A! (u  -  a(s,  £)), 


=Afc+iA^(w  -  a(s,£))  +  *  ■  *  4-  Afc+1Ai (u  -  a(s,t)). 

Applying  the  Chapman- Kolmogorov  equation  2k  —  2  times  to  the  right  side  of 
(3*2)  yields 


'  k  k  ^ 

\i=  1  j= 1  J 


(3.3) 


R*2+l 


/  1  !  A  A  l"‘ 
\  j=i  j=i 


-  a.(M)))2 
A,'Ajfc(s.  i) 


1 


1 


^jrAt+iAk+i&ts,*)  y2jr(6(st,4+i)  -  b(sk,tk)))  \/2ir{b(.ik;  tk+ 1)  -  &(sfc7t)) 


/ 

E2 


exp 


/ (A^+iAfe+i(u-  fl(Q,t)))- 
\  “2A^+1A/,.+1t(s.  £) 


'  \  /  (^Jc+Lfc  ^(^+1]  tfc)  “1“  £fc))  \ 

7 6XP  V  -(6(s,+:htfc)-K«^4))  V1 


exp 


( 


(Ufc,t+ 1  '  a(3fc,  tfc+l)  -  +  q(sfc,  *fc)): 

-(Ksfc^fc+i)  -  b(sk,tk)) 


d«k+i,fcdufcik+id'Uk+i>k+idMfc,fc  . . .  d«i,i 
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Now  notice  that 

Afc+iAfc+i(u  -  a.(s,t)) 

=  U*+l,k+l  ~  «(®A-+li  4+l)  —  Uk+l,k  +  d(Sk+l,tk) 

«A-,fc+l  T  4+ 1)  T  ^k,k  tfc) 

”  [{t4+l,fc+l  &(®A:+li  4+l))  &(Sfc)4))j 

—  [(wfc,ft+i  ~  «(®fc,4+]))  -  (tAfc.fc  -  a(®fc,4))] 

(Nfc+i,fc  ®(®fc+i)4))  (^fc,fe  ®(®fc>4))] » 


and  also  that 


Ajt+iAfc+16(s,  t)  =  6(sfc+i,tfc+i)  -  fe(sfc,tfc+i)  -  6{sfc+i,t)fc)  +  6(.sfc,4) 

=  [b(sk+utk+i)  -  &(sfc>4)]  -  [b(sk,tk+i)  -  &(®fc,4)]  -  [6(sit+i,4)  -  Hsk, 4)] , 


and  apply  the  Chapman-Kolmogorov  equation  twice  to  the  inner  double  integral  in 
(3.3), 


y/2nAk+iAk+ib(s,t)  y/2ir(b(sk,tk+l)  -  b(sk,tk))  \/27r(i>(sfc,4+1)  -  b(sk,tk)) 


/ex p(- 

A®  V 

exp 

exp 


(Afc+IAfc+i(u-  a(a,  t)))2\ 
2Afc+1A*+16(s,  t)  ) 

{^k+l^k  ^(^fc-j-I ?  £fc)  'U>ktk  "1“ 

6(^+1, 4)  -  Ksk,tk) 

^fc+l)  M>k\k  H“  ^&)) 
^k-\-l)  Afe) 


) 


dufc+i^drifc^+i  • 


This  yields 


( 


1 


2jr(6(sfc+i,  4+i)  -  b(sk,tk)) 


^  2  exp  ^ 


(tffc+l ,A‘+I  tt(®fc+l,4+l)  ^k,k  "T  4))^ 

-2(f>(sfc+1, 4+i)  -  b(sk ,  4)) 


) 
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Thus  (3.2)  becomes 


J  f(x(suti ), -  -  -  tr,))m(dx) 


ca,h(Q) 


h  k 


i  y 


-  inn^wM  (27r(6(5fc+1,tfc+1)  - b(Sk,tk)) 

\i—± J=1  / 

/  /  f(uiA,  ■  •  ■  ,Uk+l,k+l) 

J R*=2  JR 

(^fc+UH-1  ~  tfe+l)  ~  +  Q(sfc,£fc))2 

2(6(sfc4.i ,  tfc+i ) 

(AjAj(a-  a(s,t))) 


exp 


(- 


expHS|r  a‘a>^,d  /tal 

j  =  l 


n^.  (34) 


Define  the  function  g  :  Rfc2  C  so  that  giuij,.  ■  ■  ■ ,  is  equal  to 


/ 

JR 


.... 


expC — J  i+WI  (  ’ 


and  define  a  tame  functional  G(x)  :  Ca,b{Q)  K  by 


G(x)  =  9(x(si,  ti), x(sfc,  tk)). 


(3.6) 


Combine  (3.4)  and  (3.6)  to  obtain 


j  f{x(s i,  ti),  -  -  ■ ,  x(sn.  in))m(dx)  = 


CM(Q) 


(ft  f¥  \  i  p 

nn  27rAiAjfe(s, t)  J  /  .9(111,1, ■  ■  ■  ,Uk,k) 

i=U=i  J 

exT®  *.**•.  0  vS4^ 


J-l 


=  j  G(x)m(x). 


(3.7) 


cn.b(Q) 
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Apply  the  induction  hypothesis  to  the  functional  G.  Put  =  Ufc+i  and 

Uk±  =  u-fc  in  equation  (3.5)  and  then  use  (3.7)  to  obtain 

/  f(x(s i ,  ti),  •  •  • ,  i(sn,  tn))m{dx) 

Jcatb(Q) 

~  2tt(6(Sj,  tj)  -  bfe-i,  tj- 1))^  g{ui, uk) 

f  iffwj-  o(sj,  tj)  -  Uj_i  +  a(sj-i,tj-i))2 
exp  1  o  2^ 


J  =  1 


h(sj,tj)  6(sj  —  1 ;  tj— l) 


dwfc  •  •  •  dui 


\-2  r 

I  I  27r(6(aj,tj)  -  6(sj-i,tj-i))  /  /(ui, . . .  ,u*+i) 

At  /  */*‘+1 


1  Av  (uj  —  a(sj ,  tj)  —  «j_i  +  o(sj_i,tj-i))2 


»p-E 


J-l 


dujfc+i  “-du!, 


and  so  for  n  =  A'  +  L  equation  (3.1)  holds  by  induction. 


□ 


4,  One- line  Theorems 

We  are  now  equipped  to  investigate  formulas  for  the  integration  of  functionals 
depending  only  on  the  values  of  x  on  certain  well-behaved  paths  in  Q.  The  follow¬ 
ing  theorem  permits  reduction  of  certain  integrals  over  Ca,h{Q)  to  integrals  over  an 
appropriately  chosen  single-parameter  function  space  Ca  j[0,5]. 

Theorem  4*1*  Let  </>  :  [0.  5]  — >  Q  be  an  increasing  path .  Let  a$(r)  —  a(<p(r))  - 
a(<p{ 0))  and  &^{r)  =  6(^(r))  “6(^(0)),  and  let  be  the  Gaussian  measure  on  Co[0,S] 
subordinate  to  and  h$.  If  F(x)  =  f(x((p(f)))  is  a  measurable  functional  on  Ca,b(Q), 
then 

I  F(x)m(dx)  =  [  f(w)m4)(dw),  (4*1) 

JCaAQ) 

where  the  equality  (=)  is  in  the  sense  that  if  one  of  the  integrals  exists  then  the  other 
exists  and  the  equality  holds . 

Proof  Let  0  =  <  r\  <  ■  -  -  <  Tj  <  ■  -  -  <  rn  <  S  and  let  I  =  [x  £  Ca^(Q)  : 
otj  <  x(4>(rj))  <  ,dj}and  J  —  {w  €  S]  :  ay  <  w(rj)  <  fij}.  Note  that  by  the 

conditions  on  7  we  have  </n(0)  <  ^ifn)  <  •  -  *  <  <f>i(rn)  and  </>2(0)  <  <£2(^1)  <  -  *  < 
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4>2(rrt).  Then  by  Theorem  3,1, 

m(/)  =  [  X/(x)(dx) 

Jca,b(Q) 

I 

=  ^7r(^(<^(Tj))  -  b(^(rJ-i)))j 

f  exp  /hi  A  (ui  ~  a(^(rj))  ~  %-i  +  aQftfa-i)))2 

L”  V  2j=i 


dtt„  •  •  •  dui 


V7=l 


-L 


jRn  V  -  j=i 


1  ('Uj  %-l  +  ^(Tj-l0 


ditn  •  •  •  dtii 


'c.+>b+M] 

=  nv(  J). 


Xj(v)m*(djj) 


Hence  the  result  holds  for  characteristic  functions  of  sets  of  the  form  {x  C 
Ch^tQ)  :  <  x(4>(rj))  <  ffj}.  The  theorem  follows  by  taking  the  function  /  to 

successively  be  the  characteristic  function  of  a  Borel  set,  and  then  to  be  a  simple 
function.  From  here,  by  monotone  convergence  the  theorem  holds  for  positive  func¬ 
tions,  mid  hence  for  general  functions  by  taking  positive  and  negative  and  real  and 
imaginary  parts.  □ 

As  a  corollary  to  Theorem  4.1  we  have  the  following  one-line  theorem  of  Cameron 
and  Storvick  from  [2], 

Corollary  4.2,  Let  0  <  ft  <  T  and  let  /(•)  be  a  real  or  complex  valued  functional 
defined  on  Co[0,  S]  such  that  f(y/fiw)  is  a  Wiener  measurable  functional  on  Cq [0,5]. 
Then  /(x(  ,/?))  is  a  Yeh- Wiener  measurable  functional  of  x  on  Cty(Q)  and 

I  0))(dx)  =  f  f(y/0  w)\v(dw),  (4.2) 

■>C0(Q)  ./Co[0,SJ 

where  m  denotes  the  ordinary  Wiener  measure  and  the  equality  (=)  is  in  the  sense 
that  if  one  of  the  integrals  exists  then  the  other  exists  and  the  equality  holds. 

Proof.  Take  <f> :  [0,  5]  — ►  Q  to  be  4>(t)  —  (r,  0)  and  note  that  a(s,  t)  —  0  and  b(s,  t)  = 
st.  Applying  Theorem  4.1  to  any  tame  functional  F(x)  =  f(x(si,0), x(sn,  0))  we 
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obtain 


i  «  {u.  _  u._l}= 


/  F(T)m(dx) 

Jcg{Q) 

_  1 

=  (n  i  -  /„,  /<“*■  •••■“")' “p  (4  e  ^  ^ 

1 

=  2n(sj  ~  Sj-i)^  I  f{y/P  «’i,  ■  ■  ■ ,  \fP  u'n) 

. (  F  (wr^i-i)2  \ 


du 


■E 


2  ^  *j  -  Si-1 


Co|0,S] 


/(v^  v(*i).-”i  y(sn))ro(dw). 


The  theorem  holds  in  the  general  case  by  the  same  argument  used  to  finish  the 
proof  of  Theorem  4.1.  ^ 


5.  n-Iine  Theorem 

We  can  use  Theorem  4.1  to  extend  the  n-line  theorem  of  Cameron  and  Storvick 
from  [2], 


Theorem  5.1.  Lef  0  <  fi\  <  ■■■  <  ftn<T  and  let  F(x )  =  f  (x(- , Pi) , . . . , x(- ,  fin)) 
be  p-measurable.  Put  ai(s)  =  a(s,j5i)  and  af.(s)  =  a(s,Pk )  —  a,(s,Pk- 1)  and  put 
f>i(s)  =  b(s,  fii)  and  bk(s )  =  b(s,  Pk)  -  b(s, Pk-i)  for  k  =  2, . . .  ,n.  Let  mj, . . .  ,mn 
be  Gaussian  measures  on  Cq [0,5],  each  subordinate  to  the  corresponding  a*,  and  bk- 
Then 


I  F(x)m(dx) 

2) 

=  j  ...  I  f{yi,yi  +  J/2>  •  ■  •  ,  Vi  +  f/2  +  1  ■  ■  +  S/n)nii(<2yi)  •  •  -nt„(d3/n)i 


c„,t(Q) 


ca„M.[o,s\  c„1>tl[o,s] 


where  the  equality  (= )  is  in  the  sense  that  if  one  of  the  integrals  exists  then  the  other 
exists  and  the  eqtiality  holds. 
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Proof.  Let  0  =  s0  <  Si  <  . . .  <  sm  <  S  and  tk  ~  fik  for  k  =  1, . . . }  n  and  let  pjik  <  q^k 
for  all  j  =  1, .  *  *  m  and  k  =  1, . . .  ,n.  Define 

7j  =  |;1.  ^  ■  Pj.k  ^  5":  fot  ^  b  ♦  *  *  t  ? 

Iz/j  =  T  -  -  -  ,  ^  ♦  Pj,jt  ^  for  Aj  1?  *  -  ■  j  }  t 

k 

Jj  =  {(y  1, . .  •  ,y»)  6  Xfe=ieoib,fcfc [0, 5]  :  pj}k  <  ^y;(sj)  <  for  fc  =  1 . n}. 

i=l 

Notice  that  measurability  of  Ej  in  Rn  assures  the  measurability  of  I3  and  J7  in 
their  respective  spaces.  Moreover,  for  a  cylinder  set  /(pi,i, . . .  <?iTi,  -  ■  ■ ,  Qm.n)  Q 

CaAQ)  determined  solely  by  the  values  of  x(-,  ■)  at  the  points  (sj7  fik)  for  j  =  1, . . .  ,m 
and  k  —  we  have 


k (Pl,l  ?  ■  -  ■  -  Pm,n;  #1,1  j  -  *  -  ?  Qrn,n) 

=  {x  €  CaAQ)  :  Pjjt  <  s(5j.  j8fe)  <  for  j  =  1, . . .  ,m;fc  =  1, . . . , n} 

m 

=ru- 

i=i 


Begin  by  considering  the  case  in  which 

m  m 

e(x)  =  X/(x)  - 

j=i  j= i 

By  Theorem  2.4, 

/  F(x)m{dx)  =  TT  ^1),  *  *  * ,  /?„) )Tn(o?cc) 

4Cm(<3)  4CB>l,(Q)  j=1 

1 

(n  m  \  2  /*  m 

nn^vc^j  tn  •••.»>,»)  (5-1) 

1  v'  (AfcAj{u-a(s,t)))2 
AfcAj-fe(s,i) 


n  f  _  m 

n^hz 

jt=i  V  z  j=i 


duisi  ■  ■  ■  dnm  n. 


Note  that 


AkAj(u  -  a(s,t))  =  ajik  -  fc-i  -  a{sj,fik)  +  n(Sj J4-i) 

~  ^j-isfe  +  H"  >  A-i)  (5-2) 

=  1  ]  [ct(  Sj ,  )  Os ( Sj  j  ^ — 1 )  ]  v  0  ■  3 ) 

-  [%_  1,JU  -  +  [o(sj_i,^fc)  -  a(sj-i,/4-i)], 


and  also  that 


A  fc  Aj  &  ($ t )  —  k{Sj  >  (5k  )  &(  Sj  -  1 1  $h  )  :  Ae—  1  )  “I"  ^  (^J  - 1  i  A?—  1 ) 

=  [&(**,&)  -  -  [b(sj,  A)  -  H*j- 11  Afe-i)]-  (5-4) 
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Take  &i(-)  =  bk(-)  =  &(•,&)  -  &(•,&- 1),  ai(-)  =  and  «.{•)  = 

/>(■..  3;.)  -  &(■,  /3fe_i)  for  fc  —  2, . . . ,  n  as  in  the  statement  of  the  theorem.  Let 


Vj'k  Wjj/c—  1  t 


(5.5) 


and  observe  that  dv^  =  d Ujtk  under  this  change  of  variables,  and  that 

Uj'k  =  Vjtk  +  1  =  Wj,*:  +  Vjtk- 1  +  ■  •  *  +  Uj,i  (5.6) 

for  1  <  k  <n.  Substitute  (5.2),  (5.4),  (5.5),  and  (5.6)  in  (5,1)  to  obtain 


u  t  in  \  2  p  m 

n  n  2irAjbk(s)  J  /  +  vj,2,  + - bVj,n) 

fc= i  Vj=i  /  RlL  i=i 

TT  (  1  (Ai(u.J  —  aj(s))  ”  %- 1  +  Rj-i(s))2 \  ,  A 

S' 3X13  (- 2 E  — ^ - AMs)  . .  j 

*  m 

■  •  J  JI  Xe>  (yi (sj)’  •  ■  ■  >  Vi (si)  +  ■  ■  •  +  ^(5j))m„(dyn)  -  ■  -  up  (dip) 


-  I 


Col,i1[0,S]  CB„,fc„[0,S] 


=  I  J  XI  -  -  - » S/iCO  H - 1- 


yn{-))mn{dy„) 


C-.A.PWI 


Therefore  the  theorem  is  true  for  characteristic  functions  of  cylinder  sets  that  are 
dependent  only  on  the  value  of  x(-,  •)  at  the  points  {(sj,  (3k)  for  j  =  1, . . .  ,m;  k  = 
1, . . . ,  n}.  In  the  usual  manner  we  can  prove  the  theorem  for  characteristic  functions 
of  measurable  sets  depending  only  on  the  values  of  x(-,  for  k  =  1, . . .  n.  The  proof 
is  then  completed  in  the  same  fashion  as  the  proof  of  Theorem  4.1.  □ 


6.  Examples 


Example  6.1.  This  first  example  demonstrates  the  use  of  Theorem  5.1.  Let  a(s,  t)  = 
b(s,  t)  =  st  on  [0, 5]  x  [0, 2T]  and  put  F(x)  =  x(s,  T)x(s,  2T)ds.  We  find  the  value 
of  Jc  ^Q)  F(x)fi(dx).  Note  that.  ai(s)  =  ip(s)  =  sT  and  02(3)  =  62(5)  =  2 sT  -  sT  = 


14 


L  PIERCE  AND  D,  SKOUG 


s'T.  and  thus 


I  F(x)m(dx)  =  ill  yi(s)(yi(s)  +  y2(s))dsml(dy1)m2(dy2) 
■>cBib(Q)  .lc„2ib2[o,s]  ./c„Iitl (0,S]  ./() 

=  [  f  [  (yi(s) +yi(s)y2(s))Tn1(dyi)m2(dj/2)d5 

Jo  Jca2'b2[0,S]JcairH[0,$] 

=  [  f  ( sT  +  s2T2  +  sTy2(s))  m2(dy2)ds 

Jo  Jc„2>2[0.S] 

=  [S  {sT  +  s2T2  +  s2T2)  ds 
Jo 

-  ls2T+  -S3T2, 

2  3 

where  Fubini’s  theorem  justifies  the  change  in  order  of  integration.  In  this  example, 
we  can  easily  verify  our  result  without  using  Theorem  5.1,  for 

I  F(x)m(dx)  =  f  f  x(s,T)x{s,2T)dsm(dx) 

Jca,b(Q)  Jca.b{Q)J  0 

=  f  f  x(s,T)x(s,'2T)m(dx)ds 
Jo  Jca,h(Q) 

=  I  (sT  +  2s2T2  )  ds 

Jo 

=  \s2T+ls:iT2. 

Z  o 


Example  6.2.  We  next  demonstrate  the  use  of  Theorem  4.1.  Let  Q  =  [0,5]2, 
a(s,t)  =  st,  b(s,t.)  =  s2t2,  and  F(x)  =  exp  f/05:c(s,s}dsY  Note  that  4> :  [0,  S]  — >  Q 
defined  by  <z>(s)  =  (s,  s )  is  increasing.  Then 


I  F(x)m(dx)  =  I  exp  f  f  y(s)ds'\  m^dy),  (6.1) 

Jca,b(Q)  Jc„lM[o,S]  \J  o  / 


where  di(s)  =  a(</i(s))  —  a(0(O))  =  a(s, s)—  a(0, 0)  =  s2  and  &i(s)  =  h(<p(s))— b(4>(®))  = 
s4 .  Integrating  by  parts  we  obtain  that 


=  Sy(S)  - 


f 


sdy(s)  =  (S,y)  -  (s,  y) 


(S~s,y), 


for  m  a.e.  y  €  Ca^[0,S].  In  this  case  we  let  {/,  y)  denote  the  single- variable  PWZ 
stochasitc  integral  of  the  function  /  €  L2^} 0.  5].  Compute  the  values  A  —  J(f (5  - 
s)da^(s)  =  |53  and  B  =  ff(S  —  s)2db^(s)  =  ^»S6  and  make  use  of  a  theorem  from 
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[20]  to  compute  the  right-hand  side  of  (6.1)  to  obtain 


[  exp  (  I  y(s)ds)  m*. 

JcaiM{o,s]  Vo  / 


(dy) 


(»-  ~  -4)2 

2  B 


1  f°° 

=  — - .  /  exp (u)  exp 
\Z2ttB  y_oc 

=  — .1-^  /  exp  ( —  -f- [ti2  ■  2Au  —  2 Bu  +  A*)  J  du 

h^BJ-o,  V  2£l  7 

/  A2\  /(^  +  B)2\  /•“  /  \u-(A+B)}2 

=  exP  (-2IJ  6XP  V  2H  j  |TOeXP  2B - 


du 


exp 


/ 2AB  +  B 2 

V  2F 


) 


=  exp,]S,+  l5« 
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